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Abstract
Fusion plasmas inside a Tokamak may be represented using magnetohydrodynamic equations. An equilib-
rium solution consists in a stationary solution of these equations, generally depending only on some radial
coordinate.
In Tokamak experiments, we try to obtain such equilibrium solutions; however, some instabilities may
appear and destroy such an equilibrium con7guration. For instance, the so-called tearing instability, which
destroys the equilibrium magnetic con7guration, is really observed in experiments. Above a critical value
of some physical parameter, the instability appears 7rst as a stationary solution; then, increasing again some
physical parameter, oscillatory behaviour can be found, before more complicated states and exponential growth
of the solutions.
These physically observed phenomena have also been numerically computed (new results using the DEMA
code concern the so-called double-tearing instability).
The mathematical framework of bifurcation theory is well suited for such a study; we 7rst recall the
existence of a stationary branch of bifurcated solutions; then, using mainly a Center Manifold Theorem, we
prove existence of Hopf bifurcation. Most of the results are obtained with given di8usion coe9cients (viscosity,
resistivity) but new results are also obtained when these coe9cients depend nonlinearly of the unknowns.
We also give a new mathematical justi7cation of the decomposition of the velocity and magnetic 7elds
used in the previously cited DEMA code. Finally, we also recall some results concerning the existence of a
global attractor (in dimension 2).
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1. Tearing instability in fusion plasmas
1.1. Plasma in a Tokamak
A plasma is a set of ions and electrons at high temperature. These particles are magnetically
con7ned inside a torus (Tokamak devices as Jet in UK or Tore Supra at the CEA Cadarache in
France, for instance). A strong toroidal component of the magnetic 7eld and a toroidal component
of the current density are created from outside, generating then a poloidal (i.e. situated in a meridian
cross-section of the torus) component of the magnetic 7eld. Then magnetic lines look like helix
which, in some equilibrium con7guration lie on magnetic surfaces (the magnetic 7eld at any point
of that surface being then tangent to it); generally, in some equilibrium con7guration, magnetic
surfaces consist in nested tori having the same axis as the one of the device (called the magnetic
axis). Individual particles approximately follow magnetic lines, and are then magnetically con7ned
inside the device.
Such a plasma may be assumed to exhibit a collective behaviour and can then be represented
by the magnetohydrodynamic (M.H.D.) equations (see Section 1.2 below); when tearing instability
occurs the magnetic con7guration of nested tori previously described is then destroyed, leading to
the creation of magnetic islands (see Section 1.3 below).
In such a toroidal geometry, coordinates are de7ned using the vertical axis (coordinate Z) and
polar coordinates R; , in the horizontal plane perpendicular to OZ ( being the toroidal angle). In
a meridian plane (i.e. a plane with R; Z—we use here capital letters—as Cartesian coordinates),
we also use polar coordinates r and  (poloidal angle) centered at (R = R0; Z = 0), R0 being the
(normalized) large radius of the torus (R=R0 + r cos , Z= r sin ). In the particular case of circular
meridian cross-section, the plasma is inside the torus de7ned by 0 6  6 2, 0 6  6 2,
06 r 6 1 (small radius of the torus normalized to 1).
For theoretical or numerical studies, it is sometimes convenient to introduce a cylindrical approx-
imation (for tori with large R0), and to work in a cylindrical geometry: we assume that the plasma
is situated inside a cylinder of length L with vertical axis Oz; de7ning then = ((2)=L)z, we look
again for solutions 2 periodic in . We introduce polar coordinates (r; ) in the horizontal plane
z = 0, centered at the origin (x = r cos , y = r sin , for (x; y)∈R2).
These two geometries will be used in that paper.
1.2. M.H.D. equations
The unknowns are the density  of the plasma, the velocity V , the pressure p, the temperature
T , the electric 7eld E, the magnetic 7eld B, and the current density j. The equations are
@
@t
+ div(V ) = SM (source of mass); (1.1)

(
@V
@t
+ V · ∇V
)
+∇p− j × B− FV = Sm (source of momentum); (1.2)
E + V × B= j (Ohm’s law); (1.3)
M. Berroukeche et al. / Journal of Computational and Applied Mathematics 170 (2004) 291–301 293
3
2
@p
@t
+
3
2
div(pV ) + p div V + div(∇p) = SH (heat source); (1.4)
p= T or div(V ) = 0; (1.5)
j =∇× B; (1.6)
div B= 0; (1.7)
∇× E =−@B
@t
: (1.8)
From Ohm’s law and Maxwell’s equations, we obtain
@B
@t
−∇× (V × B) +∇× (∇× B) = 0: (1.9)
The quantity  is the resistivity,  is the viscosity, and  is the heat conductivity. We need also to
specify boundary conditions and initial conditions.
1.3. Physical analysis of tearing instability
In this subsection, we consider only cylindrical geometry (cylinder of length L, with coordinates
r, , , see Section 1.1).
We also assume that we have only two unknowns, a scalar stream function for the velocity, ,
and a scalar potential  , all the others quantities being 7xed; the velocity and the magnetic 7eld
being then de7ned by: V = ez ×∇, B= B0ez + (2=L)ez ×∇ (B0 being a constant).
We assume some static equilibrium solution of the equations to be given, depending only of
r : Beq(r); jeq =∇×Beq, for a given function  eq(r). As usual in stability analysis, we introduce the
so-called safety factor, which is a function q(r) de7ned as:
q(r) =
r B0(
L
2
)
B;eq(r)
:
We linearize the M.H.D. equations, taking into account the hypothesis made in that subsection,
and we expand the unknowns  and  in Fourier components as follows:
 =  eq +
∑
m;n
 m;n(r) exp(i(m− n)) exp(−i!t)
and the same for ; we then obtain (in the cylindrical geometry considered here and with some
simpli7cations) a set of uncoupled ordinary di8erential equations for the unknown functions  m;n(r)(
1
r
d
dr
r
d
dr
 m;n − m
2
r2
 m;n
)
− mdjeq ;z=dr
rF(r)
 m;n = 0;
where
F(r) =
B0
(L=2)
(
m
q(r)
− n
)
;
with the boundary condition  m;n(r = 1) = 0.
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This equation is an approximation of the linear part of the z component of the curl of the equation
of momentum, neglecting some terms, and corresponds to the “outer solution” in the resolution of
that boundary layer problem. In [10] a mathematical analysis of that boundary layer problem is
given, in the case of a 2D plane slab of plasma.
We see in the equation for  m;n(r) that a resonant surface appears at a radius r = rs such that
q(rs) = m=n, then F(rs) = 0. The corresponding solution  m;n(r) is such that its 7rst derivative is
discontinuous at r = rs.
A more precise analysis of the linearized MHD equations around the equilibrium solution (“inner
solution” and “matching” for that boundary layer problem), allows to calculate a better approximation
of  m;n(r) and m;n(r) and of the time-frequency !.
When this instability appears, we note a change in the topology of the magnetic 7eld: Magnetic
surfaces for the equilibrium solutions are nested cylinders; when the instability appears, a magnetic
island appears in the vicinity of the cylinder of radius r= rs. We refer to [1] and references included
for examples of such solutions.
2. Bifurcation of stationary solutions
We consider only the M.H.D. equations (1.2), (1.9), (1.6), (1.7) for V and B, with the incom-
pressibility condition (cf. (1.5)).
For a static equilibrium magnetic 7eld Beq, in a plasma of constant density, MHD equations for
the perturbed quantities around the equilibrium can be written(
@V
@t
+ V · ∇V
)
+∇p− (∇× B)× B− (∇× Beq)× B− (∇× B)× Beq − FV = 0; (2.1)
div(V ) = 0; (2.2)
@B
@t
−∇× (V × B+ V × Beq) +∇× (∇× B) = 0; (2.3)
div(B) = 0: (2.4)
We also prescribe initial conditions and boundary conditions for V and B, and a condition on the
Nux of B through a section of the torus (or of the cylinder). Let u= (V; B) be the unknown.
If the coe9cients ;  are constants, it has been proved in [10] that the stationary problem can be
represented by a functional equation for u= (V; B)∈ (H 2(&))6:
u− T (')u= 0;
T (') being a nonlinear compact operator de7ned on a correctly chosen functional space, ' repre-
senting the parameters.
For the plane slab model (2D in space, with periodicity in one direction), these results have been
extended in [4] to the situation where the resistivity  depends on a magnetic Nux function  related
to the (unknown) magnetic 7eld by the relation B = ez × ∇ . Here again, the stationary problem
can be represented by a functional equation on appropriate Sobolev spaces.
Then, in both cases, we can prove the existence of a bifurcating branch of stationary solutions
from the equilibrium, at some critical value of the parameter '.
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Numerical results on stationary branches of solutions have been obtained (see [10] and references
therein), with bifurcation diagrams.
3. Hopf bifurcation
3.1. Mathematical results
We consider again, as in (2.1)–(2.4), a particular subset of MHD equations for V and B:(
@V
@t
+ V · ∇V
)
+∇p− (∇× B)× B− FV = 0; div(V ) = 0;
@B
@t
−∇× (V × B) +∇× (∇× B) = 0; div(B) = 0:
Let & be a torus in R3, ( the boundary of & and n the outward normal at any point of (.
We assume that the resistivity  is a function of the space variable x∈& given by  = 0 ˆ(x),
where ) = −10 is the bifurcation parameter. We note by (Vs; Bs)∈ (H 2(&))6 a given stationary
solution, and we write V = Vs + U , B= Bs + H .
The boundary conditions for U and H are the following, at any point of (:
U:n= 0; (∇× U )× n= 0; H:n= 0; (∇× H)× n= 0:
The equations for U and H are then, up to some multiplicative constants:
@U
@t
=−
(

0
)
∇×∇× U − U ++L1)(U;H) ++N 1) (U;H);
@H
@t
=−∇× (ˆ∇× H) + L2)(U;H) + N 2) (U;H); div(H) = 0;
where + is the orthogonal projection in (L2(&))3 on the space {V ∈ (L2(&))3; div V = 0, V:n = 0
on (}.
Let us introduce the following functional spaces:
Hc = {U ∈ (L2(&))3; divU = 0; ∇× U = 0; U:n= 0 on (};
X = {U ∈ (H 2(&))3; divU = 0; U: n= 0 on (; (∇× U )× n= 0 on (} × {H ∈ (H 2(&))3;
divH = 0; H:n= 0 on (; (∇× H)× n= 0 on (; PHc (H) = 0};
where PHc is the orthogonal projection in (L
2(&))3 on the space Hc,
Z = {U ∈ (L2(&))3; divU = 0; U:n= 0on(; }
×{H ∈ (L2(&))3; divH = 0; H:n= 0 on(; PHc (H) = 0};
Y = Z ∩ (H 1(&))6:
Let us introduce now some operators for the quantity u= (U;H):
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Assuming ˆ∈W 1;∞(R), 0¡2¡ˆ(x)¡3;∀x∈& where 2 and 3 are positive constants, we can
write the preceding set of equations and boundary conditions for U and H in the following form:
du
dt
= Tu+ L)(u) + N)(u); (3.1)
with the following properties:
T ∈L(X; Z); T−1 ∈L(Z; X );
(Tu; v)(L2(&))6 = (u; Tv); ∀u; v∈X;
(Tu; u)6 0 ∀u∈X;
L) ∈L(X; Y ); N) ∈C∞(X; Y ):
With all these properties, we can apply a Center Manifold theorem of [11] if the spectrum of the
operator A) = T + L), at ) = )0, is on the left-hand side of the complex plane, excepted a 7nite
number of eigenvalues, of 7nite multiplicity, situated on the imaginary axis.
We then obtain the following theorem:
Theorem 3.1. Let Mk be the dimension k eigenspace associated to the eigenvalues of A)0 situated
on the imaginary axis. For each ) in a neighbourhood of )0, there exists a manifold Vk in X of
dimension k (which is the graph of a C∞ function de?ned on a neighbourhood of zero of Rk),
locally invariant and containing all solutions of (3.1) staying in a neighbourhood of zero of X for
all time t ∈R.
Assuming that two pairs of simple complex conjugated eigenvalues are on the imaginary axis at
)=)0, adding some technical hypotheses, and with normal form analysis as in [8], we can conclude
(see [3]) to the existence of a bifurcation, for )¿)0, towards a stable 2D torus, with two unstable
limit cycles.
3.2. Numerical results for double-tearing instability
In “advanced Tokamaks” with hollow pro7le of the equilibrium current density, due to o8-axis
auxiliary heating of the plasma, there can be two values r1 and r2 of r such that the corresponding
safety factor q(r) (see Section 1.3) takes the same value m=n; then the tearing instability corre-
sponding to this mode (m; n) appears with two resonant surfaces (i.e. two boundary layers situated
at r = r1 and r = r2), corresponding to a so-called double-tearing instability.
We studied numerically the double-tearing instability with the DEMA code: At some critical value
of the bifurcation parameter, the equilibrium solution becomes unstable and a branch of stable non-
linear stationary solutions appears (solution (Vs; Bs) of Section 3.1). Increasing again the bifurcation
parameter, we found another critical value of the bifurcation parameter such that the stationary solu-
tion becomes unstable and with a new bifurcation towards a 2D torus (numerically identi7ed using
PoincarSe maps). The torus is stable and attractive; when time goes to in7nity the solution of the
evolution partial di8erential equations (with initial conditions in the neighbourhood of the torus)
oscillates in time with two frequencies; these quasi-periodic oscillations correspond to a physically
observed magnetic reconnection phenomena (see [1]).
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Remark. As for the bifurcation of stationary solutions, we can also assume that the resistivity
depends nonlinearly of the unknowns.
4. THE DEMA CODE
The code DEMA (Dynamic Evolution of MAgnetic perturbations) solves a system of coupled
nonlinear evolution equations for stream functions and potentials, obtained from the complete system
of vector equations of one-Nuid mhd, and given in [9].
We can use either toroidal geometry with coordinates (R; ; Z) or (r; ; ) or cylindrical geometry
with coordinates (r; ; ) (see Section 1.1).
Spatial di8erenciation is made using truncated Fourier series for  and , and 7nite di8erences
for r; time di8erencing is made using a semi-implicit scheme originally introduced by [7] (see [2]
which contains a proof of convergence).
The use of stream functions and potentials rather than vectors 7elds to describe the MHD equations
allows to consider reduced sets of equations, of increasing complexity up to the complete set of
MHD equations; such a possibility is very useful to study separately di8erent kinds of instabilities,
as usually done by physicists.
Let us give here a new mathematical justi7cation of the empirical decomposition given physically
in reference [9], in the case of toroidal geometry (see Section 1.1—the same is true for cylindrical
geometry), & being the domain occupied by the plasma (supposed to be axisymmetric), i.e. & =
9× [0; 2], where 9 is a cross-section of the torus, we note again ( the boundary of & and n the
outward normal at any point of (:
Let B∈ (L2(&))3 be a divergence free vector 7eld. From [10] (relation (2.16), Chap. 2), there
exists A∈ (H 1(&))3 such that B=∇×A in &; then (in the sense of traces, for instance in (L2(9))3)
A(R; = 0; Z) = A(R; = 2; Z).
The expressions given in [9] are then based on the following decomposition of any vector 7eld
A:
A=− ∇− R2∇U ×∇−∇;
where (with the same notations as [9])  ;  and U are regular scalar quantities depending on (R; ; Z),
2 periodic in .
Such a decomposition is then equivalent to
1
R
(
AR +
@
@R
)
=
@U
@Z
;
 =−RA − @@ ;
1
R
(
AZ +
@
@Z
)
=−@U
@R
:
The second equation gives  once  is known, the 7rst and last equations can be written as
1
R
(A+∇) =−curl(Ue);
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where ∇ and curl, in this equation, are 2D operators with cartesian coordinates (R; Z),  being
considered as a parameter belonging to [0; 2]. Then, with analogous proof as in [10], relation (2.3)
and Proposition 2.1, we can solve the preceding equation with coordinates (R; Z), to obtain  and
U , for each value of . Regularity of A(A∈ (H 1(&))3), implies then that  and U are periodic in
; moreover, more regularity on B, then A, implies also more regularity on  and U .
Finally, for B we have
Theorem 4.1. Let B∈ (L2(&))3 be a divergence free vector ?eld. There exists functions U , and
 ∈ (H 2(&))3 such that
B= R2FpU∇−∇p
(
@U
@
)
−∇ ×∇;
where Fp and ∇p operators are the same as F and ∇ but without  derivatives (index p means
poloidal).
We have then obtained a rigorous proof of the decomposition of vector 7elds used in the code;
other MHD codes also use empirically some decompositions of that type.
5. Existence of attractor (2D)
We turn now to the existence of a global attractor, proved for a reduced set of equations concerning
tearing instability in a plane slab of plasma, on the following domain: (x; y)∈&=]− 12 ;+12[× ]0; L[,
with periodic boundary conditions in the direction y.
The equations are
− @
@t
F+PF2= f1(;  );
@ 
@t
− ( +  eq)F = f2(;  );
with the boundary conditions at x = 12 :  = =F=F = 0.
The resistivity  is a function supposed to belong to W 3;∞(R), with (s) 6 c¿ 0;∀s∈R, P is
a constant (Prandtl number).
We 7rst obtain the existence of a local solution for t ∈ [0; T ∗], using a Schauder’s 7xed point
theorem. Uniqueness is also obtained (with Gronwall’s lemma). Proving estimates of the solution in
(H 3(&))2, bounded by constants independent of T ∗, we can prove existence of a global solution on
[0; T ], for any given T ¿ 0.
Proving then the existence of absorbing sets in (H 3(&))2 (with uniform Gronwall’ lemma), the
continuity and the uniform compactness of the semi-group (obtaining absorbing sets in (H 4(&))2
with new hypothesis on the resistivity ), we prove the existence of a global attractor (see [5,6]).
These results obtained for tearing instability on the plane slab model could also be proved for
cylindrical or toroidal geometry, assuming some helical symmetry so as to work again with a 2D
problem.
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6. Numerical example of bifurcation towards a stable attracting 2D torus:
We use cylindrical geometry (see Section 1.1), in a cylinder of length L= 2R0 (with R0 = 10).
6.1. Equilibrium with hollow current density pro?le
We choose (see Sections 1.3—with B0 = 1—and 3.2) jeq;z(r) = j0(1− r2)3(1 + 9r2), where j0 is
a constant such that the safety factor q (see Section 1.3) is equal to q0 = 3:8 at r =0 and qa =5:46
at r = 1. It is easily seen that there exists two values of r; r1 and r2, such that q(r1) = q(r2) = 3.
Linear analysis of stability shows that we can obtain a “double tearing” instability, i.e. the amplitude
 m;n(r) (see Section 1.3) with m=3 and n=1 of a perturbation of the equilibrium may be linearly
unstable, for low values of the parameter 0 (see Section 3.1) which is some mean value of the
resistivity. The viscosity is assumed to be a constant:  = 0. The amplitude  3;1(r) presents sharp
variations in the vicinity of the surfaces r = r1 and r = r2 (boundary layers).
The static equilibrium is obtained with an externally given electric 7eld E0.
6.2. Successive bifurcations
The parameter ) = 1=0 ( see Section 3.1) is used as a bifurcation parameter.
A branch of nonlinear stationary solutions bifurcates from the equilibrium at )= )c ≈ 7:93× 102.
Such a branch appears to be numerically stable up to ) = 1:16 × 104. For ) = 1:21 × 104, the
stationary solution is no longer stable and the solution computed by the evolution code DEMA
Fig. 1. The projection on the plane ( 9;3;  12;4) of the successive intersections of the trajectories with some hyperplane (in
the phase space) de7ned by  3;1=constant; such a PoincarSe map shows a cross-section of the 2D torus by the previously
de7ned hyperplan.
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Fig. 2. The time evolution of the amplitude  15;5.
Fig. 3. The magnetic islands at three di8erent times ti: we plot the level curves of the quantity  (r; ; =0; ti). We clearly
identify two chains of three magnetic islands, respectively situated on the surfaces de7ned by r = r1 and r = r2. When
time is varying, the quasi-periodic motion modi7es the relative width of the two island chains.
is asymptotically attracted, when time goes to in7nity, by a 2D torus, the motion on the torus being
then quasi-periodic.
6.3. Stable and attracting 2D torus
The numerical solutions are obtained in the following way: for 7xed values of 0, the DEMA
code computes the solution of time dependant MHD equations, starting from some initial condition.
In both cases (stationary solutions or 2D torus) that time-dependant solution computed by the code
converges, when time goes to in7nity, to one of these two solutions (respectively for )6 1:16×104,
or ¿ 1:21× 104), whatever should be the choice of initial conditions. This indicates that these two
solutions, for 7xed values of the parameter ), seem to be the only global stable attractor.
Moreover, when ) increases from 1:16 × 104 to 1:21 × 104, we did not 7nd any other type of
solution (limit cycle,: : :), which seems to indicate numerically that the bifurcation obtained is a Hopf
bifurcation from a stationary solution to a 2D torus.
As indicated in Section 4 (DEMA code) spatial di8erentiation is made using truncated Fourier
series for  and , for instance the potential  (r; ; ; t) is a 7nite sum of quantities  m;n(r; t)ei(m−n)
(see also Section 1.3). In Figs. 1–3, the quantity  m;n is a mean value of the function of r;  m;n(r; t)
(at time t).
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To conclude, we have proved mathematically the existence of successive bifurcations (stationary,
Hopf) for sets of equations relative to the “tearing instability” of a Tokamak plasma, according to
numerical simulations and to physically observed magnetic reconnection phenomena in the Tokamak
experiments.
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